Lecture 10. Creation of function of Lyapunov for linear systems

Let linear dynamical system of the following form be given:
X = Ax+ Bu, u(t)=0.
We will consider a free system of the form:

X = AX. (6a)
Let us choose a function of the following form:

V(x) = X" Px, (6.7)
where P(nxn) is a constant matrix; P" = P is a symmetric matrix, i.e. Pj= Pj;

Vi, j=1n.
Square-law form (type 6.7) will be considered as Lyapunov’s function, but
firstly it is reasonable to investigate the properties of a square-law form.

10.1. The properties of a square-law form
Sylvester’s criteria
Criterion 1. A square-law form is one of fixed positive-sign, if all main

diagonal monitors of matrix P are positive.
Matrix P > 0 is a positive defined matrix P, i.e.
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P,>0; >0;...det P > 0.
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Criterion 2. A square-law form is one of fixed negative-sign, if signs of main
diagonal monitors alternate, beginning with negative. P < 0 means, that matrix P is
defined as negative, i.e.

Pll P12

P, <0;
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>0; |P,, P,, P,|/<0 and soon,
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it means that signs alternate, beginning with a negative one.



10.2. Creation of Lyapunov'’s function for linear systems
Let us consider along with system (6.a) the system transported to it:
(X)" =x"A'.
Matrix P is chosen as one of fixed positive sign, i.e. P>0. The differential of

Lyapunov’s function is taken as the following (6.7):

C(ij—\t/:XTPx+xTP>'(:xTATPx+xTPAx:xT(ATP+PA)x:—xTQx,

where Q(nxn) is a symmetric matrix, it means that Q = Q', besides Q>0 is a matrix
of fixed positive sign. Hence,

ATP+PA = -Q. (6.8)

So, equation (6.8) is Lyapunov’s matrix equation. Solution of matrix equation is
matrix P.

THEOREM. To do matrix A stable, it is necessary and sufficient, for matrix
equation (6.8) to have positive-defined solution P > 0 at any positive-defined matrix
Q>0.

Matrix equation (6.8) is reduced to the system (n+Dn

of linear algebraic
equations, where “n”" is an order of the system.

Example 6.9. Let a linear dynamical system of the 2nd order of the following
type be given:
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where X € R?.
The following type of Lyapunov’s function of V(X) is given:

1
V(x) :E(Xlz +X§)
or

10
V(X) :%(xl2 +x§):%xTPX,WhereP :‘

2



You should define stability of system by Lyapunov.
Algorithm and solution

1. We will be convinced that the given function V(x) is one of fixed positive-sign, i.e.

V(X)>0if x=0
V(X)=0if x=0

2. Itis necessary to define the sign of its full derivative.

d_Vi(VV)T%_a_V%JFa_Vdﬁ-
dt xt oOx, dt  ox, dt’

C:j_\t/ = XX, + X, X, = =2X —5X; =—(2x} +5X%?).

dd_\t/ =—(2x{ +5%x5) <0

Conclusion: hence, the system is asymptotically stable at any value of x; x,.

Example 6.10. Let the following linear dynamical system of the 2nd order be

given:
X, =X
X, ==X,
where X € R?.
The following Lyapunov’s function is given:

dv. 1,, )
—=—(X"+x5)>0,
dt 2(1 2)

You should define stability of system by Lyapunov.

Solution:
dV . . 2 2 -
E:x1x1+x2x2 =X, —X, <0 incase x, > X, .
Hence, the system is asymptotically stable according to Lyapunov at condition
when X, > x;



This method was generalized by American scientist Richard Kalman.

THEOREM of Kalman. The real parts of characteristic roots of matrix A will be
less than zero a < 0 only in one case: when for any positively defined symmetric
matrix Q, there exists positively defined symmetric matrix P, which is the only

solution of the following type equation:

-2 aP+A"P+PA = -Q,
where Re li(A) <oj; a = const.

Example 6.11. Let the following linear dynamical system of the 2nd order is
given:
X =5X;, —3X,
X=—-4xX, +2X, "

The following Lyapunov’s function is given:
_ 1 5 2
V(x) = E(Xl +X;).
You should define system stability according to Lyapunov.
Algorithm and solution
1. We will be convinced that the given function V(x) is one of fixed positive-sign, i.e.

V(X)>0if x=0
V(X)=0if x=0

2. Itis necessary to define the sign of its full derivative.

C:i_\t/ =X X+ X, %, =%, (5% —3X%,) + X, (—4X%, +2x,) <0

5X. —3X, X, —4X, X, +2XZ <0;
2 2
X, % X, N 2X,
2 2 2
S5X; 5%, 5X

5% # 0=

3. Let us introduce the designation X2 _ 7 and obtain:

Xy



Ez2 —Zz +1<0;

5 5

z? —7X52+§<0;
2x5

2° ——1 +§z+§<0;

7 49 5
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Conclusion: this system is asymptotically stable according to Lyapunov in
case when x; € (0.4x,,X,) (fig.).

Geometrical interpretation:

n=2
bo X

Fig. — The movement of a system asymptotically is steady across Lyapunov




